We provide explicit examples of positive and power-bounded operators on c 0 and ℓ ∞ which are mean ergodic but not weakly almost periodic. As a consequence we prove that a countably order complete Banach lattice on which every positive and power-bounded mean ergodic operator is weakly almost periodic is necessarily a KB-space. This answers several open questions from the literature. Finally, we prove that if T is a positive mean ergodic operator with zero fixed space on an arbitrary Banach lattice, then so is every power of T .
Introduction and Preliminaries
A bounded linear operator T on a Banach space X is called mean ergodic if the limit of its Cesáro averages lim n→∞ 1 n n−1 k=0 T k x exists for every x ∈ X. By the well-known mean ergodic theorem, see e.g. [5, Thm 8.20 ], a sufficient condition for a power-bounded operator (and all of its powers) to be mean ergodic is that the operator is weakly almost periodic, meaning that {T n x : n ∈ N} is relatively weakly compact for every x ∈ X. In particular, every power-bounded operator on a reflexive Banach space is mean ergodic. In general, weak almost periodicity is not necessary for mean ergodicity, though; see e.g. [3, Exa 2] for a mean ergodic operator on C[−1, 0] whose square is not mean ergodic and who can therefore not be weakly almost periodic, and see [5, Exa 8.27 ] for a similar construction on c 0 .
The problem becomes more subtle if one considers only positive operators on Banach lattices. Sine gave the first example of a positive and contractive operator on a C(K)-space that is mean ergodic but not weakly almost periodic [16] ; see also [7] for another example. However, in case that T is a positive, contractive and mean ergodic operator on an L 1 -space, it was shown independently by Komornik [10, Prop 1.4(i)] and Kornfeld and Lin [11, Thm 1.2] that T is weakly almost periodic; see also [6, Thm 3.1.11] for an extension of this result to power-bounded operators.
In general, the question on what Banach lattices every positive, power-bounded and mean ergodic operator is automatically weakly almost periodic is still open, see [6, page 131 ]. In the present article we provide some partial answers to this problem.
In Section 2, we give the first counterexample to this question on c 0 , a Banach lattice with order continuous norm. This answers Open Problem 3.1.18 in [6] . In Section 3, we then construct a counterexample on ℓ ∞ which, in addition, answers Question 6.(iii) of [7] . From this we conclude in Theorem 3.3 that every countably order complete Banach lattice on which mean ergodicity and weak almost periodicity are equivalent for positive and power-bounded operators is necessarily a KB-space. We also refer to [2] for a characterization of KB-spaces by mean ergodicity of certain positive operators. In the final Section 4 we prove that all powers of a mean ergodic positive operator T are also mean ergodic in case that the mean ergodic projection of T equals 0.
Throughout the article, we use the notion operator synonymously with linear operator.
A counterexample on c 0
In the following we give an example of a positive, power-bounded and mean ergodic operator on c 0 which is not weakly almost periodic. Recall that c 0 , the space of real null sequences over N endowed with the sup norm, is a Banach lattice with order continuous norm.
We start by noting an easy observation about the norm of positive operators on c 0 . Lemma 2.1. Every positive operator T : c 0 → c 0 extends uniquely to a positive and order continuous operator S on ℓ ∞ . Moreover, we have
Proof. The uniqueness is clear since c 0 is order dense in ℓ ∞ . To show the existence of S, define S := T * * . Obviously, S is a positive extension of T with S = T . As S is weak * -continuous, it easily follows that S is order continuous. Moreover, S = S1 since ℓ ∞ is an AM-space with order unit 1. Now, the equation S1 = sup{T 1 {1,...,N } : N ∈ N} follows from the order continuity of S and from the fact that ℓ ∞ , like every AM-space with order unit, has the Fatou property [1, p. 65] , meaning that f = lim j f j for every increasing net (f j ) ⊆ ℓ ∞ + with supremum f .
In order to present the announced example in a most accessible way, we first describe (the action of) positive operators on c 0 by a weighted (and directed) graph (N, w) with vertex set N and weight function w : N 2 → [0, ∞). More precisely, let T be a positive linear operator on c 0 ; we associate a graph (N, w) to T in the following way: every pair of vertices (u, v) ∈ N 2 is connected by a directed edge of weight w(u, v) := T (e u ) v , where e u = 1 {u} denotes the canonical unit vector in c 0 supported on u. Vividly speaking, w(u, v) is the amount of mass moved from atom u to v by the operator T . In other words, w(u, v) v,u∈N is the transition matrix of T . The so defined graph possesses the following properties: (a) w(u, k) k∈N is a null sequence for each u ∈ N.
In fact, condition (a) is nothing but a reformulation of the fact that T e u = w(u, k) k∈N ∈ c 0 for every u ∈ N and condition (b) follows from Proof. First of all, for every (x n ) ∈ ℓ ∞ it follows from
n w(n, k) < 2ε for all sufficiently large j. Thus, T is order continuous.
To show that T leaves c 0 invariant, let (x n ) ∈ c 0 and ε > 0. We fix N ∈ N such that |x n | < ε for all n ≥ N . By condition (a) we find K ∈ N such that w(n, k) < ε/N for all 1 ≤ n < N and every k ≥ K. Then
x n w(n, k)
for all k ≥ K. This shows that T preserves c 0 . Since T is an order continuous extension of T | c0 to ℓ ∞ , it follows from Lemma 2.1 that T and T | c0 have the same norm.
In view of Lemma 2.2 we give the following definition. Proof. Fix N ∈ N. We show inductively that
for all n ∈ N. Having proved this, the assertion follows from Lemma 2.1. For n = 1 equation (2.1) follows immediately from the definition of T since
If (2.1) holds for n ∈ N, we obtain that
which completes the proof of (2.1).
Remark 2.5. The idea to represent linear operators on sequence spaces as weighted graphs has quite a long history. It was, for instance, used implicitly by Foguel in [9] to construct a power bounded operator on a Hilbert space which is not similar to a contraction, and it was also used implicitly in [13, Section 2] to construct a counterexample related to the Blum-Hanson property. In [17, Section 4] this approach was worked out in great detail.
We now describe a c 0 -graph whose associated operator is power-bounded, mean ergodic but not weakly almost periodic. It consists of countably many slightly modified copies of the infinite ladder-shaped graph G 0 described in Figure 2 Obviously, the graph G 0 satisfies properties (a) and (b) above and therefore is a c 0 -graph. However, the main property of this graph is that the length of paths with non-zero weight from vertex o to v grow exponentially: if we sort these paths in ascending order by length, then the nth path is of length 2 n+1 − 1. A moment of reflection shows that for every n ∈ N and each vertex u there are at most two paths with non-zero weight of length n with endpoint u; the weight of each of them is bounded by 2. Thus, by Lemma 2.4, the associated operator T 0 is power-bounded with T n 0 ≤ 4 for all n ∈ N. Now we consider countably many modified copies G k , k ∈ N, of G 0 that one obtains by removing the first finitely many ladder rungs. More precisely, the kth copy G k is lacking the vertices s 1 , . . . , s k and all their corresponding edges; instead we add an uninterrupted edge from o to s k+1 of weight 1, cf. Figure 2. 2. If T k denotes the operator associated with the graph G k for any k ∈ N 0 , then one easily observes that (T n k e o ) v = 1 if n = 2 m+2 − k − 1 for some m ≥ k and 0 otherwise.
. . . . . . Finally, we connect all the graphs G k appropriately to obtain a graph/operator with all the desired properties.
Example 2.6. There exists a positive T : c 0 → c 0 with T n ≤ 4 for every n ∈ N such that all powers of T are mean ergodic but T is not weakly almost periodic.
Consider the c 0 -graph shown in Figure 2 .3; it obviously satisfies conditions (a) and (b) above and we denote its associated operator on c 0 by T . There exist at most two paths of equal length with a common endpoint and non-zero weight; the weight of each of them is bounded by 2. Thus, by Lemma 2.4, T n ≤ 4 for all n ∈ N.
Now we prove that the operator T is not almost weakly periodic. To this end, we show that the orbit {T n e s : n ∈ N} is not relatively weakly compact. By the Eberlein-Šmulian theorem, it is sufficient to show that there exists a subsequence of (T n e s ) n∈N which does not posses a weakly convergent subsequence. Taking into account the previous considerations concerning the subgraphs G k from Figures 2.1 and 2.2, one observes that for every k ∈ N 0 (T n e s ) v k = 1 if n = 2 m+2 for some m ≥ k 0 otherwise.
In particular, (T 2 m e s ) v k → 1 as m → ∞ for all k ∈ N 0 . This shows that the sequence (T 2 m e s ) m∈N has no subsequence that converges pointwise to an element of c 0 . In particular, no subsequence of (T 2 m e s ) is weakly convergent. It remains to show that T and all of its powers are mean ergodic. To this end, let T * : ℓ 1 → ℓ 1 denote the adjoint of T . It is easy to check that
i.e. its action is described by the same graph as T but with contrarily directed edges. Let y ∈ ℓ 1 such that T * y = y. Since (T * y) v k = 0 for all k ∈ N 0 , it follows that y vanishes on the right-hand side of any G k in Figure 2 .3, i.e. on all those vertices previously labeled with t 1 , t 2 , t 3 , . . . in Figure 2 .1 and 2.2. Since y is a null sequence, this readily implies y = 0. Hence, the fixed space of T separates the fixed space of T * and the mean ergodic theorem [5, Thm 8.20 ] implies that T is mean ergodic with mean ergodic projection 0. It thus follows from Theorem 4.1 below that T m is also mean ergodic for every m ∈ N.
Remark 2.7. Let us point out that x T := sup{ T n |x| : n ∈ N 0 } defines an equivalent norm on c 0 , with respect to which the operator T is contractive. Hence, there exists an atomic Banach lattice with order continuous norm E and a positive contraction T : E → E which is mean ergodic but not weakly almost periodic. However, it is not known to the authors if such an operator exists on c 0 endowed with the ∞-norm. 
A counterexample on ℓ ∞
The following example gives a negative answer to Question 6.(iii) in [7] . It is an adaptation of [15, Exa 1, Sec V.5].
Example 3.1. There exists a positive and contractive operator T : ℓ ∞ → ℓ ∞ such that T is ergodic while T 2j is not for any j ∈ N. In particular, T is not weakly almost periodic.
Proof. We first consider the space F := (R 2 , · ∞ ). The matrix T k converge to U with respect to the operator norm as n → ∞.
Now we turn our attention to even powers of the operator T . Fix j ∈ N. The operator T 2j is similar to the operator
on ℓ ∞ . Hence, if T 2j was mean ergodic, then so was the multiplication operator M : ℓ ∞ → ℓ ∞ given by M (x m ) = (a m ) 2j x m for all (x m ) ∈ ℓ ∞ . Since M is positive and has spectral radius 1, its adjoint M * has a non-zero fixed point [14, p. 705 ] but obviously the only fixed point of M is 0. Thus, M cannot be mean ergodic and neither can T 2j . Due to the classical mean ergodic theorem, this implies that T is not weakly almost periodic. For each fixed m, the number b m,n converges to 0 as n → ∞, but it is easy to see that the convergence is not uniform with respect to m (since a 2j m is close to 1 for large m). Hence, T 2j is not mean ergodic.
As a consequence of Examples 2.6 and 3.1 we obtain a sufficient condition for an order complete Banach lattice to be a KB-space; see Theorem 3.3 below. Recall that a Banach lattice E is called a KB-space if every norm bounded increasing sequence (equivalently: net) in the positive cone E + is norm convergent. Important examples of KB-spaces are the class of all reflexive Banach lattices and the class of all L 1spaces, but there are also more complicated examples (see for instance [12, p. 95] ). For a thorough treatment of KB-spaces we refer the reader to [ It is known that a countably order complete Banach lattice that does not have order continuous norm contains a sublattice which is isomorphic to ℓ ∞ [12, Cor 2.4.3] .
For the proof of Theorem 3.3 we need a bit more, namely that there exists a sublattice which is isomorphic to ℓ ∞ and which is at the same time the range of a positive projection. Since we could not find an explicit reference for this observation in the literature, we include a proof in the following lemma. The Banach lattice isomorphism in the statement of the lemma is not necessarily isometric. Proof. By [12, Thm 2.4.2] there exists an order bounded disjoint sequence (x n ) ⊆ E + which does not converge to zero. Without loss of generality we may assume that x n = 1 for each n ∈ N. Now pick a sequence of positive functionals ϕ n ∈ E ′ + such that ϕ n = 1 and ϕ n , x n = 1 for every n ∈ N. By the countably order completeness, every principle band is a projection band. If P n : E → {x n } ⊥⊥ denotes the band projection onto {x n } ⊥⊥ , then each ψ n := ϕ n • P n is a positive functional on E such that ψ n = 1. Define i(a n ) := sup{a n x n : n ∈ N} for every sequence (a n ) ∈ ℓ ∞ + . According to (the proof of) [12, Lem 2.3.10(ii)], i extends to a lattice homomorphism i : ℓ ∞ → E with closed range F := i(ℓ ∞ ) and i : ℓ ∞ → F is a Banach lattice isomorphism.
Clearly, τ : E → ℓ ∞ , given by τ (x) := (ψ n (x)) n∈N , is a positive operator and it follows right from the definitions that τ • i = id ℓ ∞ . Hence, P := i • τ is a positive projection on E with range F .
Proof of Theorem 3.3. Let us first consider the case that E does not have order continuous norm. Then, according to Lemma 3.4, there exists a closed sublattice F ⊆ E, a Banach lattice isomorphism i : ℓ ∞ → F and a positive projection P : E → E with range F . Now let T : ℓ ∞ → ℓ ∞ denote the operator from Example 3.1 and define S : E → E by S := iT i −1 P . It is easy to verify that S is a positive, powerbounded and mean ergodic operator which is not weakly almost periodic.
Now let E be Banach lattice with order continuous norm which is no KB-space. Then, by [12, Thm 2.4.12] , E contains a copy of c 0 meaning that there exists a closed sublattice F ⊆ E and a Banach lattice isomorphism i : c 0 → F . Moreover, by [12, Cor 2.4.3] , there exists a positive projection P : E → E with range F . Let T : c 0 → c 0 denote the operator from Example 2.6 and, as above, define S : E → E by S := iT i −1 P . Again, it is easy to verify that S is a positive, power-bounded and mean ergodic operator which is not weakly almost periodic. 
A mean ergodic theorem
In general the powers of a positive mean-ergodic operator need not be mean ergodic, even if the operator is power-bounded (see [16] , [7] and Example 3.1). If the underlying Banach lattice has, however, order continuous norm and T is positive and mean ergodic, then each power of T is mean ergodic, too (see [4, Prop 4.5] for the case of power-bounded operators and see [8, Thm 12] for the general case, even on more general ordered Banach spaces). We close this article by proving another mean ergodic theorem of this type. Instead of imposing a condition on the Banach lattice we assume that the mean ergodic projection of the operator is 0. Theorem 4.1. Let T be a positive operator on a Banach lattice E and assume that T is mean ergodic with mean ergodic projection 0. Then every power of T is also mean ergodic with mean ergodic projection 0.
Proof. Fix m ∈ N. By the uniform boundedness principle the Cesàro means of T are uniformly bounded, and (T n /n) converges strongly to 0 as n → ∞. Hence, (T mn /n) also converges strongly to 0 as n → ∞ and it follows from the positivity of T that the Cesàro means of T m are uniformly bounded, too. Therefore, we only have to show that the fixed space of (T m ) * equals {0}, i.e. that 1 is not an eigenvalue of (T m ) * . To this end, it suffices to prove that T * has no eigenvalues on the unit circle.
So assume for a contradiction that λ is an eigenvalue of T * with |λ| = 1 and let ϕ be an associated eigenvector. Since |ϕ| = |T * ϕ| ≤ T * |ϕ|, the sequence (T * ) n |ϕ| n∈N0 is increasing. In particular, the Cesàro means of T * applied to |ϕ| are all larger than |ϕ|. On the other hand, these Cesàro means are weak * convergent to 0 since T is mean ergodic with mean ergodic projection 0. This is a contradiction as |ϕ| = 0.
Remark 4.2. The proof of Theorem 4.1 also shows that λT is mean ergodic with mean ergodic projection 0 for every complex number λ of modulus 1.
